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Vibration Characteristics of Pretwisted Aerofoil Cross-Section
Blade Packets Under Rotating Conditions

M. Sabuncu*
Dokuz Eylul University, Bornova-Izmir, Turkey

and
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Turbine blades are usually pretwisted and have asymmetric cross sections. Furthermore, turbine blades are
formed into packets by joining them at critical locations with shrouds or lacing. Such a procedure alters the
vibration characteristics of the blade. In this paper, the free vibration characteristics of rotating, shrouded,
pretwisted aerofoil cross-section blade packets are investigated using a finite element model. One end of the
pretwisted blade is assumed to be fixed at the periphery of a disk rotating about its center, whereas the other
end of the blade is connected by a curved shroud. Expressions for kinetic and strain energies of a pretwisted
blade packet subjected to centrifugal force are derived. Shear deformation and rotary inertia effects are neglected
in the analysis. The effects of pretwist, stagger angle, rotational speed, shroud length, shroud thickness, shroud
width, and the distance of shear center from the centroid on the vibration characteristics of blade packets are
investigated. Comparisons made between theoretical and experimental results show very good agreement.
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Nomenclature
area of blade cross section
area of shroud cross section (curved beam)
axial thickness of the curved beam
torsional stiffness
torsional constant
center of flexure
center of blade cross section
coordinates of center of flexure with respect to
principal axis
coordinates of center of flexure with respect to
fixed axis system
modulus of elasticity
modulus of elasticity of shroud materials
(curved beam material)
shear modulus of shroud material
gravitational acceleration
polar moment of inertia per unit length about
center of flexure
polar moment of inertia per unit length about
centroid
second moment of area of cross section about
XX
second moment of area of cross section about
*!*!

second moment of area of shroud cross section
about XX
product moment of area of cross section about
xlxl and y{y{
second moment of area of cross section about
YY

Received Sept. 22, 1989; revision received Nov. 29, 1990; accepted
for publication Nov. 29, 1990. Copyright © 1991 by the American
Institute of Aeronautics and Astronautics, Inc. All rights reserved.

* Associate Professor in Vibrations, Department of Mechanical
Engineering.

tLecturer in Vibrations, Department of Mechanical Engineering.

Iyv = second moment of area of cross section about
y^i

Ivvs = second moment of area of shroud cross section
about YY

i = rotation of the tangent of curved beam,
(dw/dy) ~ V/R

/, i+l = node numbers of a typical beam element
/ = slope of u deflection of a curved beam,

- du/dy
Jxxs = St. Venant torsion constant of shroud
(Ks) = stiffness matrix of stationary beam element
k = counter
L = blade length, Lagrangian function
Lr = shroud length to blade length ratio, (LshIL)
Lsh = total length of curved beam
/ = length of beam element
lsh = curved beam element length
M = mass matrix of beam, number of elements

along the curved beam
(mi) = mass matrix of beam element
N = number of elements
p = frequency
q = element coordinate vector
ql = generalized displacements for an in-plane

element
q0 = generalized displacements for an out-of-plane

element
R = distance between centroid and center of

flexure
(Rt) = stiffness matrix of beam element due to

rotation
r = disk radius
S = stiffness matrix of beam
(S,-) = stiffness matrix of beam element
T = kinetic energy
t = time, radial thickness of a curved beam
u = displacements of center of flexure in x

direction
uf = strain energy due to centrifugal effects
M! = displacements of centroid in jc1 direction
V = strain energy
Vs = strain energy of stationary beam
v = displacement of center of flexure in y direction
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displacement of centroid in yl direction
weight of blade per unit length, displacement
of center of flexure in z direction
weight of shroud resting on each blade
principal axes through centroid of blade cross
section
coordinates axes through center of flexure of
blade cross section
coordinates axes through centroid of blade
cross section
coordinate distance measured along
undeflected blade from root
longitudinal axis
angle between coordinates axes (*i*1,y1;y1) and
principal axes (XX, YY), angle of pretwist
subtended angle of each curved beam element
pretwist angle along the beam element
position angle (due to the pretwist)
flexural rigidity ratio of shroud to blade,
(ESIS/EI)
weight ratio of shroud to blade, (psAs/pA)
coordinate axis through centroid of blade cross
section parallel to plane of disk
torsional displacement
nodal coupled coordinate vector between X
and 6
frequency parameter of the beam AL4p2IEI
coordinate axis through centroid of blade cross
section perpendicular to plane of disk
density of shroud
angle between axes &,88 and axes *1
stagger angle of blade

</>, = pretwist angles of each beam element at their
starting points

a) = angular velocity of rotation of disk
{ } = denotes column matrix
( Y = denotes transpose of a matrix
( ) ~ ~ l — denotes inverse of matrix

Introduction

S TODOLA,1 in 1927, and Sezawa,2 in 1933, studied the
vibration of blade packets, but due to the algebraic com-

plexity of the equations, exact solutions were not sought.
Later, ProhP used the step-by-step Holzer's method to obtain
the frequencies of a packet. In his analysis, the blades were
considered fixed at the root and a packet was idealized by
stations of lumped masses, forces, and moments. Although
the shear center and centroid of the blade cross sections were
assumed coincident, the axial and torsional vibrations were
coupled through the shroud. Vibrations in the plane of the
disk remained uncoupled.

Thomas and Belek4 studied the free vibration characteris-
tics of straight shrouded blade packets using the finite element
method. Thomas and Sabuncu5 studied the dynamic analysis
of rotating asymmetric cross-section blade packets using the
finite element method. One end of the blade was assumed to
be fixed at the periphery of a disk rotating about its center,
whereas the other end of the blade was connected to a curved
shroud. The effect of various parameters such as the shroud
dimensions, stagger angle, rotational speed, disk radius, and
distance of shear center from the centroid on the vibration
characteristics of blade packets were systematically presented.

Thomas and Sabuncu6 developed a finite element model
for the dynamic analysis of an asymmetric cross-section blade.
The blade was assumed to be fixed at the periphery of a disk
rotating at constant angular velocity. The effects of rotational
speeds and stagger and pretwist angles on the vibration char-
acteristics were investigated.

Ewin's work8 consisted of a study of a very simplified mass-
spring model made as a preliminary investigation of the gen-
eral vibration characteristics of a packeted assembly. Ewins
and Imregun9 investigated the vibrational behavior of turbine
blades when grouped into packets. Two methods of analysis
based on substructuring via receptance coupling were devel-
oped and used with success to predict the natural frequencies
of a 30-bladed disk with various packeting arrangements. A
series of experiments were conducted on a special test piece
to confirm these predictions.

Table 1 Details of pretwisted two-bladed packet used in the
experiment where blades have aerofoil cross section (NB = 2;

N = 6; M = 5; disk radius r2 = 8 in.)

Blades
Blade cross section
Blade length
Stagger angle
Pretwist angle
Young's modulus
Blade density

Second moment of inertia

Shear center distance from centroid
Torsional rigidity
Increment of torsional rigidity

Shroud

Fig. 1 Local and global coordinates of a section of a pretwisted blade
packet.

Shroud thickness
Shroud width
Young's modulus
Shroud length
Shroud density

A = 0.00914 in.2

L = 6 in.
<t> = 0 deg
a = 45 deg
E = 31.0 x 106lb/in.2

p = 0.283 lb/in.3

Ixx = 0.000084 in.4

IYY = 0.00671 in.4

dx = 0.0076 in.
dY = 0.047 in.
C = 3240 Ibf in.
Cc = 392 Ibf.

t = 1/16 in.
b = 1/2 in.
Es = 31.0 x 106 lb/in.
LS/I = 4.39823 in.
ps = 0.283 lb/in.3
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In the past, investigations have been directed toward ana-
lyzing the vibration characteristics of rectangular cross-section
blade packets. In Ref. 5, the more complex configuration of
an asymmetric aerofoil cross-section blade packet has been
investigated. The effect of rotation has also been considered.
Turbine blades encountered in practice have a pretwisted
asymmetrical aerofoil cross section. Because of the complex
configuration of the blade cross section, the problem becomes
more difficult to analyze, as coupling between bending-bend-
ing-torsional vibrations takes place and also because of the
shroud interaction. When a curved beam is used as a shroud,
out-of-plane bending and torsional displacements are cou-
pled. Hence, none of the modes of the assembly are inde-
pendent.

In order to verify the approach, a finite element model is
applied to various problems. Theoretical results obtained by
the finite element method are compared with experimental
results since there are no results available in the existing lit-
erature. The effect of rotational speed on the vibration char-
acteristics is also considered.

Energy Expression of a Pretwisted Blade Packet
The strain energies of a blade vibrating under nonrotating

and rotating conditions are derived for blades joined together
by a shroud. This packet is rigidly fixed at the periphery of
a disk rotating at constant angular velocity. As mentioned in
Ref. 5, there is an increase in strain energy due to the rotation
in a single blade. This strain energy increase is also increased
by the centrifugal force of the rotating shroud mass.

Strain Energy of a Shrouded-Blade Element in a
Centrifugal Field

The strain energy equation of a rotating, shrouded, pre-
twisted blade element can be written in dimensional form for
the /cth element as

Table 2 Comparison of experimental and theoretical values of
pretwisted two-aerofoil cross-section bladed packet3

V L \~lF\Bx2
ELJd2V

2 \dZ2

C

co2Ap

Adz

dZ,

2

- 2U,V{ sine/) cos0 + V\ cos2</>) dZ

+ Csh2

~ VmaxUl sine/) cos(/> -I- VjV^ax cos2^) dz

where

(1)

Mode
number

1
2
3
4
5
6
1
8
9

10
11
12
13
14
15

Theoretical
88.5

389.9
395.3
643.0
912.4
975.8

1396.5
1506.1
1780.6
1894.3
2114.7
2529.6
2851.3
3049.4
3707.0

Frequency, Hz
Experimental

92.0
380.0
405.0
656.0
868.0
—

1305.0
1483.0

—
—

1993.0
2505.0
2775.0
3140.0
3879.0

% error

-3.8
2.6

-2.3
-2.0

5.0
—
6.9
1.5

—
—
6.1
0.9
2.7

-2.8
-4.4

aDetails of the blade packet are given in Table 1.

The pretwist along the blade length can be written in dimen-
sional form as

(2)

where k is the order number of the element.
By using the relationship between /„,/„, and 1XX,1YY given

in Ref. 6,
/„ = (S - H cos27) Ixx

Iy, = (S + H cos2y) lxx

/,_,, = H sin2ylxx

(3)

(4)

(5)
where

5 = 2(lZ VA-A-

H = -

Also, ^,t/y are given in Ref. 6 as

The displacement functions assumed are third-order poly-
nomials for £/, V and linear for 6, W. That is,

U=V=% arZ' (8a)

(8b)

Substituting from Eqs. (2-8) into the strain energy V, the
strain yields a discretized strain energy of a blade in the form:

(9)

where
s/i2 ~ ~2w (10)
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[ C ] 0 0 0
0 [C] 0 0
0 0 [£] 0
0 0 0 [£]

3
I2

0
0
3
I2

2
I3

I
I2

2
I3

£,(1,1) = SSAl, £,(1,2) = SSA2, £,(1,3) = SS A3

£,(1,4) = SSA4, £,(1,5) = OS ,41, £,(1,6) = CS A2

£,(1,7) = CSA3, £,(1,8) = CSA4

£,(1,9) = TSRI5 + RSI15, £,(1,10) = TS R16 4 RS116

£,(2,2) = SS A3 4 Alt// 4 A23

£,(2,3) = SS A4 + 2^A2 + A34

fcr(2,4) - SSA5 4 3^A3 4 ,445, £,(2,5) = CS A2

£,(2,6) - CSA3, £,(2,7) = CSA4, k,(2,8) = CS A5

kr(2,9) = TSR25 + #S/25 + //(AG25 + F/25 + FS25)GC

kr(2,10) = TS R26 + RS 126

+ H(AG26 + IT/26 + TFS26)GC

kr(3,3) = SSA5 + 4^A3 + 4/3 A45 + AA

kr(3,4) = SSA6 + 6<I/A4 + 1.5 A56 + BB, kr(3,5) = CSA3

*r(3,6) = CSA4, kr(3J) = CSA5 + FF

kr(3£) = CSA6 + GG

k,(3,9) = TS R35 + RS 135

+ //(AG35 + TFI35 + FS35)GC

A;r(3,10) = TS R36 + RS 136

+ //(AG36 + TF/36 + F536)GC

^(4,4) = SSAl + 9<M5 + 1.8-467 + DD

*r(4,5) = CS ,44, A:r(4,6) = C5 ,45

kr(4J) = CS A6 + GG, £,(4,8) = CS ,47 + ////

^r(4?9) = TS R45 + #S 745

+ //(AG45 + TF/45 + FS45)GC

^(4,10) = TS R46 + RS 146

+ //(AG46 + 17746 + F546)GC

£,(5,5) - CCA1, £,(5,6) - CCA2, £,(5,7) = CC A3

£,(5,8) = CCA4, £,(5,9) - 7T 715 + RS R15

£,(5,10) - 7T716 + RS R16

£,(6,6) = CCA3 + il/Al + ^23

£,(6,7) - CCA4 + 2^A2 + ,434

£,(6,8) - CCA5 + 3<M3 + ^445

£,(6,9) = TC 725 + 7?S + 7?25

+ 7/(AZ25 + IT725

£,(6,10) = TC726 + RS R36

+ 7/(AZ26 + T7726 +

£,(7,7) = CCA5 + 4i/sA3 + 4/3,445 + PP

£,(7,8) = CCA6 + 6<M4 4- 1.5/156 4 £>Q

£,(7,9) = TC 735 4 7?5 7?35

+ 7/(AZ35 4 T7735 4 T535)GC

£,(7,10) - 7T736 4 7?5 7?36

4 7/(AZ36 4 TT736 4 T536)GC

£,(8,8) = CG^7 4 9iM5 + 1.8^67 4 RR

£,(8,9) - 7C 745 4 7?S 7?45

4 7/(AZ45 4 T7745 4 TO45)GC

£,(8,10) = 7T746 4 7?5 7?46

4 7/(AZ46 4 T7746 4 T546)GC

£,(9,9) = TC 755 4 TS R55 + 2 RS Y55 4 77[(Z55

4 G55) 4 7755 4 F755) 4 TS55 4 FS55]GC

£,(9,10) = TC756 4 TS R56 + 2 RS Y56 4 77[A(Z56

4 G56) 4 (7756 4 7756) 4 TS56 + FS56]GC

£,(10,10) = TC766 4 TS R66 4 2RS 766

4 77[A(Z66 + G66) 4 (7766 4 7766) 4 7S66
4 F566]GC 4 CTAl

£,(12,12) = CLAl
where

#7 4 7^/7yy, CT = (C 4 C£i)l(Elxx), CL = Allxx

A - A 4 [r^l 4 2,42(£ - 1)]/L3

4 A2/L3 4 L3(r6/?2 - j8#7r

Y = [r2Al 4 (£ - 1)2X2]/L3 4 L3(tbR2/3^7r)/(l80 Ap)

(A-A77, H = (pAa?)l(EgIxx), GC = L\ TC = CC L3

TS = SS L\ RS = CS L\ CC = -77 0.5(1 - cos2</>)

55 - -770.5(1 4 cos2<£), C5 - 770.5 sin2(/>, Al = IL3
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A2 = L3/2/2, A3 + L3/3/3, A4 = L3/4/4, ,45 - L3/5/5

A6 = L3/6/6, Al = L3/7/7, A23 = H(YA2 + A3)

A34 = H(YA3 + .44), A45 = H(YA4 + ,45)

A56 = H(TA5 + ,46), A67 = H(YA6 + A7)

Kinetic Energy of a Blade Element
The kinetic energy expression of a pretwisted blade element

under combined bending-torsional vibrations is given in di-
mensional form in Ref. 6. Using Eqs. (6) and (7) to obtain
the variation of the distance of the flexure center from the
centroid along the length of the blade due to pretwist, and
also for the representation of the displacement Eq. (8), sub-
stituting into the kinetic energy equation and replacing the
coefficients, the kinetic energy of a blade element becomes

T =
p^4L/?2

where

Kl = [CT>][C*]

(ii)

(12)

The matrix [C*]"1 is given in Eq. (10). The matrix form
and elements of [m] are given as

Kl K2 K3 K4
K3 K4 K5

K5 K6
Kl

symmetric

VI V2

V2 V3
0 V3 V4 0

V4 V5
Kl K2 K3 K4 Ul U2

K3 K4 K5 U2 U3 0
K5 K6 U3 U4

Kl U4 U5
0 0 0 0

C, 0 0

0 0

Kl

(13)

2 I O O

?OOO

<900

I8CO

(700

J600

<5OO

£

5 1300
ex

^ ^00

*- ^OOO

^ 900

S 80°
E

^ 700
c

2 6OO

^ 5OO

400

300

200

<OO

30

FIFTH MODE

FOURTH MODE

SECOND MODES

;ooo 2000
Disc rotational speed

3000
.n .m.

Fig. 2 Effect of disk rotational speed on the nondimensional fre-
quency parameters of various pretwisted blade packets: Lr = 0.2; t
= 1/32 in.; b = I in.; — a = 45 deg; —— a = 90 deg.

where
Kl = //L, K2 = F/2L, K3 = P/3L

K4 = /4/4L, K5 = /5/5L, Ce =

Table 3 Details of pretwisted two-bladed packet used in the
experiment, where blades have aerofoil cross section (NB — 2;

N = 6; M = 5; disk radius r2 = 9.927 in.)

Blades
Blade cross section
Blade length
Stagger angle
Pretwist angle
Young's modulus
Blade density

Second moment of inertia

Shear center distance from centroid
Torsional rigidity
Increment of torsional rigidity

Shroud
Shroud thickness
Shroud width
Young's modulus
Shroud length
Shroud density

A = 0.0914 in.2

L = 6 in.
4> = 30 deg
a = 30 deg
E = 31.0 106lb/in.2

p = 0.270 lb/in.3

lxx = 0.000084 in.4

IYY = 0.00671 in.4

dx = 0.0076 in.
dY = 0.047 in.
C = 3240 Ibf in.
Cc = 392 Ibf

t = 0.0625 in.
b = 0.25 in.
Ey - 31.106 lb/in.2

L,h = 4.16967 in.
ps = 0.270 in.3

S = sinfl,-, C = cos^, A9 = S COl + C SIl

B9 = C COl - 5/1, C9 - S CO2 + C SI2

D9 = C CO2 - S 5/2, E9 = S CO3 + C 5/3

F9 = C CO3 - S 5/3, G9 = 5 CO4 + C 5/4

H9 = C CO4 - S 5/4, 79 = 5 COS + C 5/5

J9 = C CO5 - 5 5/5, VI = dxA9 + dYB9

V2 = dxC9 + dYD9, V3 = dxE9 + dYF9

V4 = dxG9 + dYH9, V5 = dxI9 + dYJ9

Ul = dxB9 - dYA9, U2 = dxD9 - dYC9

U3 = dxF9 - dYE9, U4 = dxH9 - dxG9

U5 = dxJ9 - dYI9

Curved Beam Element
In the analysis, the shroud is represented by curved beam

elements. The shroud is assumed to have a rectangular cross
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section; hence, in-plane and out-of-plane vibrations are dealt
with separately and combined to form the shroud element.
Derivation of the expression for the increase of strain energy
due to centrifugal force in the plane of the disk is given in
Ref. 5.

In-Plane Vibration
Deflection functions used in the analysis are given in Ref.

5 as

where

[*/] =

W = al

V = al sin00 + 02cos(/>0 + a3 + 05

a2 sinc/>0 + a4 - a6(/>Q = W^a (14a)

\ = V^a (14b)

0 0 0 0 0 0
0 0 0 0 0

0 0 0 0
symmetric Q/3 Qft 0

0(1 + Q) 02/2
03/3

Q = 12 R2/t2

and

[ksf] = -f [VrWr] + X3(Vr]
where

Strain Energy
The strain energy of a curved beam, in a centrifugal field,

acting as a shroud attached at the tips of the rotating blades,
is given in Ref. 5 as

21 VR + W
0J X3 = -a)2

Ps (bt + 12R2

^ L J 'C2S CS 0 C 0 -CI"
r w//?~l l C2S 0 5 0 - 5 1

x v*^ + *w, I dy _ 0 0 0 0
L * * J J symmetric 0 0 - 02/2

0 0
nsh r f [ /?+ 7 T 1

2psco2 M ^W + ——— V + 2 W2 > cL4 dyJo J^[[ /? J J

(15)

Using the deflection functions given in Eqs. (14) and substi-
tuting in Eq. (15) yields

[VrWr] =

where

L /?3/3j

/C2 \
-2CS CIS C -S CI \— + SI)

2CS S C SI (^ - CI\
\ ^ /

0 0 0 -02/2
symmetric 0 02/2 03/6

0 -03/3
-04/4 -

W V
{^/}r = [viwiiivi+iwi+iii+i]i i = — - — (17)y R

r—— —— ,

— B4 BI —R B4 — B5 ~BI —R B5
D D Z ? J ? Z? D D Z ?~~ D-^ D2 — I\ £>3 — £>! ~ &2 ~ *\ &\

r / ^ i - i — B\ ~^2 R B3 J5j 52 R Bl
B4 — B3 R B4 B5 Bl R B5
B6 —B7 R B8 Bb B7 R B9

_-B, B2 -RBl -Bl -B2 -RBl_

[K] =

52 ~
525 -CS -S Q -SI - —

C2C2 C 0 CI —2
0 0 02/2 03/6

symmetric 0 0 0
03/3 04/8

(18)

D = 2 cos/3 - 2 + ft sin/3, ^ - (cos/3 -

B2 = sin/3/Z), 53 = (1 - ft sin/3 - cos/3)/D

54 - (sin/3 - /3 cos/3)/ D, B5 = (ft - sin/3)/ D

B6 = B,ftl2, B7 = B2ftl2, B, = Bb + lift

B9 = B6 - lift

C2S = 0.5(0 + 0.5 sin2/3), C5 - 0.25(cos20 - 1)

C = sin0, C7 - cos/3 - 1 + 0 sin0

C2 = 20 cos0 + (02 - 2) sin0

- 0.5(0 - 0.5 sin20), S = -(cos0 - 1)

57 - sin0 - 0 cos0

S2 = 2ft sin0 + 2(cos0 + 1) - ft2 cos0
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Kinetic Energy
The kinetic energy expression of a curved beam under com-

bined bending-bending displacements is given in Ref. 5 as
follows:

P'* (Tv iT= W{Q-^Jo { £
IL *J L

Equation (20) can be written as follows:

(20)

(21)

where the transformation matrix [C/]-1 and [qiY have been
given in Eqs. (18) and (17), respectively. The mass matrix
[MI] is

'/3 0 cos/3 - 1 sin/3 /3 cos/3 - sin/3 C0
P sin/3 1 - cos/3 cos0 + sin/3 - 1 Q

/3 0 /32/2 /33/6
symmetric /3 0 -/32/2

j33/3 /34/8
/35/20 + /33/3_

(22)

/OOO 2000 3000
Disc rotational speed r . p . m

Fig. 3 Effect of disk rotational speed on the nondimensional fre-
quency parameters of various pretwisted blade packets: Lr = 0.5; t
= 1/32 in.; b = I in.; — a = 45 deg; —— a = 90 deg.

SECOND MODES

FIRST MODES

Fig. 4 Pretwist angle effect on the nondimensional frequency pa-
rameters of various staggered, pretwisted blade packets: Lr = 0.5;
—— $ = 90 deg; — <£> = 0 deg.

where

= (02 _ 4) COSj8/2 _ 20 sin/3 + 2

C, = (/32 - 4) sin/3/2 + 2/3 cos/3

Out-of-Plane Vibration
Deflection functions used in the analysis are given in Ref.

5 as

L'' = «!/? cos(/> + a2R sine/) + fl3,R — a4R<j> — a6R4> = L^^fl

0 = «! cos(/> 4- «2 sine/) — fl5 — <26c/> — 0^«

where

Strain Energy
The strain energy of a curved beam undergoing coupled

bending and torsional vibration, neglecting the shear defor-
mation, is given in Ref. 5 as

V = -

^^(23)
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Equation (23) can be rewritten as

V = {qoY[Ct,}-T\k0}(C- ']{<?„}

where

(24)

Bu
= - - (25)

The stiffness matrix [k()] is given by

pO 0 0 0 0 0 •
0 0 0 0 0

0 0 0 0
symmetric C20 0 0

P p2/2
(26)

where
£ _ s yys

and the transformation matrix [CJ""1 is given by

r °
0
0

-1//3
-1

- 1/jS

-P/R
-BJR

BJR
l/Rp

-BJR
2BJRp

B,
-B4
-B7o"

B2
-BI

0
0
0

l/p
0

-l/p

BJR
B,/R

-BJR
-I/RP

BJR
-2BJRP

83-
-Bl
-B,

0
B,

-Bj

(27)

Fig. 5 In-plane and out-of-plane inference diagram of a pretwisted
packet: t = 1/32 in.; b = 1.0 in.; a = 15 deg.

where

Bl = (cos/3 - 1)/Z), B2 = (p cos/3 - sin/3)AD

B3 = (sin/3 - /3)AD, 54 = (1 - cos^S - ^8 sinp)/D

B5 = sinp/D, D = 2 - 2 cos/3 - p sinp

Kinetic Energy
The kinetic energy of a curved beam undergoing combined

bending and torsional displacement neglecting the rotary in-
ertia effect is given in Ref. 5 as

• / , , , ^
O'R

(28)

T = - (0 Y\r l-rj1 2iq<)] [ ol } Jo

0 Ip/AsR2

Equation (28) can be rewritten as

T = {0YC0-T (29)

where the corresponding degrees of freedom {q0} and the
transformation matrix [CJ"1 have been given in Eqs. (25)
and (27), respectively, and the mass matrix [m0] is

[m0] = psA5R3

'C4Ml C4M2 sin/3 M3 -C3sin^S C4M3'
C4M4 M5 M6 -C3MS C4M6

P -p2/2 0 -^S2/2
symmetric /33/3 0 ^83/3

C3/3 C3/32/2
(30)

where

Ml = p/2 + sin2^8/4, M5 = 1 - cos/3

M2 = sin2/3/2, M6 = ;

M3 = 1 - cosjS - /3sin/3,

C4 = 1 + C3

Assembly Procedure and Theoretical Considerations
The finite element model of the curved packet of pretwisted

blades having aerofoil cross sections is formulated as follows.
The shroud model is represented by a curved beam element,

which is the same as what was used in Ref. 5. The blades are
modeled by pretwisted beam elements with 12 DOF, which
represent the coupled bending-bending-torsional vibrations.

The assembly procedure of the packet is the same as was
used in Ref. 5; the difference being that the blade transfor-
mation matrix has 12 DOF since the blade elements are rep-
resented with 12 DOF beam elements.

The analysis is based on substructuring. That is to say, each
component is considered individually and is then joined with
the others by matching displacements and slopes in these
coordinates where physical connections exist. Basic compo-
nents and coordinates used are shown in Fig. 1.
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Applications and Discussions
For a better and ideal representation of turbomachinery

blade packets, the shroud is represented by curved beam ele-
ments, whereas the blades are represented by pretwisted aero-
foil cross-section beam elements. To show the accuracy and
improvement of this representation, several blade packets are
tested experimentally.

In Table 2, experimental and theoretical results of a pre-
twisted blade packet are shown. There are some discrepancies
between calculated and measured frequencies of about 3.5%
and in one mode 6.9%. Some error was probably caused by
uncertainty of Young's modulus, the density, and residual
stresses in the test piece. The residual stresses were caused
by pretwisting the blades in a small, manually operated torsion
machine.

In Table 4, experimental and theoretical results of an aero-
foil cross section 30-deg staggered and 30-deg pretwisted two-
bladed packet under nonrotating conditions are shown. The
comparisons of experimental and theoretical frequencies of
the same packet under various rotational speeds are shown
in Table 5.

Discrepancies can be seen between experimental and cal-
culated values. The same reason that was explained earlier
can be given for the causes of these discrepancies. It was
concluded that present results are sufficiently accurate for
engineering calculations, especially when the complex blade
configurations are considered.

In Fig. 2, the increase of frequency parameter with disk
rotational speed is shown. As mentioned in Ref. 6, there was
a slight increase in the fundamental frequency ratio of a single
blade with an increase in pretwist angles. This was due to the
coupling between bending in the yy and xx directions since

Table 4 Comparison of experimental and theoretical values of
pretwisted two-aerofoil cross-section bladed packet3

655

G45"

TENTH MODE

NINTH MODE

SIXTH MODE

FIFTH MODE^,

FOURTH MODE

THIRD MODE

SECOND MODE

FIRST MODE

0.015 0.030 O.0f5 0.060 0.075 O.O9O O./O5 O.I2O 0./3S O./5O

Fig. 6 Effect of shear center distance from the centroid on the non-
dimensional frequency parameters: a = 45 deg; Lr = 0.5; t — 1/32
in.; ft = 1 in.

Mode
number

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15

Theoretical
95.5

470.0
490.4
652.9
822.4
946.8

1249.8
1622.2
1633.9
1912.8
2116.6
2490.5
3013.1
3354.9
3806.6

Frequency, Hz
Experimental

97.0
476.0
501.0
585.0
829.0
910.0
—

1606.0
1671.0

—
—

2616.0
2927.0
3298.0
3867.0

% error

-1.5
-1.2
-2.1

+ 11.4
-0.7
+ 4.0
—
+ 1.0
-2.2
—
—
-4.7
+ 2.9
+ 1.7
-1.5

aDetails of the blade packet are given in Table 3.

torsional movement was negligible. In the blade packet case,
although all the motions are coupled through shroud inter-
connections, the fundamental mode is dominated by the blade
vibration. Consequently, as in the single blade vibration case,
when the rotational speed increases, the fundamental fre-
quency also increases. It can be concluded that fundamental
frequency increases with the increase of rotational speed and
pretwist angle. The second mode corresponds to the batch
mode, which is dominated by the shroud out-of-plane vibra-
tion. It can be seen that there is a decrease in the frequency
parameter as the pretwist angle increases. This is due to the
flexibility increase in the out-of-plane direction with the in-
crease of pretwist, which causes a drop in the second fre-
quency parameter. Third frequencies are torsional and out-
of-plane coupled mode frequencies. This coupling increases
with the increase in pretwist; consequently, the nondimen-
sional frequency parameter also increases. As seen from Fig.
2, the third mode frequency of 90-deg pretwisted blade pack-
ets is higher than the third mode frequency of 45-deg pre-
twisted blade packets. For the fourth mode, the vibration is
a coupled one between torsional and out-of-plane vibrations.
The 45-deg pretwisted bladed packet mode is dominated by
the torsional mode, whereas the 90-deg pretwisted bladed
mode is dominated by the out-of-plane vibration. In the case
of the fifth mode, the pretwist effect is still seen on the fre-
quencies. The 90-deg pretwisted bladed packet mode is dom-
inated by the out-of-plane coupled vibrations of the shroud
and blade, whereas the 45-deg pretwisted blade packet mode
is dominated by the in-plane coupled vibration of the shroud
and blade.

A similar phenomenon, with different Lr ratio, can be seen
in Fig. 3. When comparison is made between the two figures,
it can be seen that in the stationary blade packet case an
increase in Lr ratio or mass ratio decreases the fundamental
frequency. In the rotational case, the percentage increase of
the frequency increases with Lr ratio when the disk rotational
speed increases. This is due to the increase of the centrifugal
force effect of the shroud mass on the system. The conclusion
can be drawn that all of the frequencies are increasing with
the increase in rotational speed. The fundamental frequency
increases when the pretwist, shroud length and rotational speed
increases.

Figure 4 shows the effect of pretwist on the frequencies of
the packet with different stagger angles. In the case of the
first mode, the frequency parameter increases with the in-
crease of pretwist angle but decreases with the stagger angle.
The 90-deg staggered bladed packet is more flexible out of
plane; consequently, the fundamental frequency decreases
with an increase in stagger angle. However, an increase of
pretwist makes the system stiffer; consequently, the funda-
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Table 5 Comparison of experimental and theoretical values of a pretwisted packet with different rotational speeds

Mode
number

1
2
3
4
5
6
7
8
9

10
11
12
13
14

500
Theoretical

97.2
471.4
491.7
653.6
823.8
947.4

1250.2
1624.2
1635.7
1913.0
2125.1
2490.9
3015.8
3358.2

rpm

Experimental
97

506
586

899

1603

2902
3270

1000
Theoretical

102.1
475.3
495.6
655.4
827.5
949.3

1251.0
1629.7
1641.0
1912.6
2147.8
2491.0
3023.1
3367.2

rpm
Experimental

100

507
587

900

1608

2912
3272

1500
Theoretical

109.7
481.5
502.0
658.2
832.3
952.3

1252.2
1637.7
1649.4
1909.6
2178.5
2487.2
3033.6
3380.0

rpm

Experimental

106

509
589

902

1615

2925
3276

2000
Theoretical

119.6
489.6
510.5
661.5
836.9
956.6

1252.9
1646.7
1660.5
1899.9
2209.5
2473.3
3044.8
3392.9

rpm
Experimental

114

512
591

905

1628

2938
3292

mental frequency increases. For the second mode, there is a
small increase in the frequency parameter with pretwist an-
gles. For the 90-deg stagger angle, this mode is dominated by
coupled out-of-plane shroud-blade vibrations, whereas for the
0-deg stagger angle, at the lower pretwist angle, this mode is
dominated by coupled in-plane shroud-blade vibrations. On
the contrary, at the higher pretwist angle, the mode becomes
a coupled out-of-plane shroud and blade vibration. As seen
from Fig. 4, this mode is more affected by the stagger angle
than by pretwist. For the third mode, there is always a de-
crease with an increase of pretwist angle for the two cases.
When the single blade vibration was analyzed in Ref. 6, it
was noticed that the frequency of the second mode was de-
creasing with an increase of pretwist. It may be said that a
similar phenomenon is happening here although there is cou-
pling through shroud interaction. The fourth mode is also a
coupled one and slightly dominated by the shroud vibration.
These variations of frequency parameters are related to the
flexibility of the system in the relevant direction, depending
on the stagger angle and pretwist.

When the blades are pretwisted and have asymmetrical
aerofoil cross sections, out-of-plane, in-plane, and torsional
vibrations of the packet are coupled due to the blade config-
uration and noncoincidence of shear center and centroid of
the cross section, as well as through the shroud interaction.
As a result, they may not be easily synthesized by independent
modes, and so it becomes more complex to predict these
frequencies for a multibladed packed from a two-bladed packet
inference diagram.

Figure 5 shows the inference diagram of a 15-deg pretwisted
two-bladed packet. The independent frequencies of vibration
of a pretwisted blade and shroud in-plane frequencies are
shown in solid lines, whereas the packet frequencies are shown
in broken lines. It can be seen that the packet frequency curves
tend to asymptote to the blade frequencies, whereas shroud
frequencies are, in turn, changing at every junction between
the blade and shroud independent frequencies. This curve is
useful in synthesizing the vibration characteristics and mode
shapes of blade packets from the frequency characteristics of
individual components.

Figure 6 illustrates the effect of the location of the shear
center relative to the centroid. It can be seen that this effect
becomes pronounced in the higher frequencies but does not
markedly effect the lower frequencies.

Conclusions
The finite element model developed in this paper is found

to be ideal for the vibration analysis of a pretwisted asym-
metric cross-section blade packet under rotating and nonro-
tating conditions. It can be concluded that the fundamental
frequency increases with an increase in rotational speed and
pretwist. Higher modes are coupled through shroud inter-
connections between torsional and out-of-plane vibrations. In
the stationary blade packet case, an increase in mass ratio
decreases the fundamental frequency, whereas in the rota-
tional case, it increases it. Staggered bladed packets are more
flexible in the out-of-plane direction; consequently, the fun-
damental frequency decreases with an increase in stagger an-
gle. For larger angles of pretwist, the inference diagrams may
not be used in synthesizing the vibration characteristics from
the frequency characteristics of individual components. The
effect of the shear center distance from the centroid of a
pretwisted blade packet becomes pronounced for the higher
frequencies.
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