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Vibration Characteristics of Pretwisted Aerofoil Cross-Section
Blade Packets Under Rotating Conditions
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Turbine blades are usually pretwisted and have asymmetric cross sections. Furthermore, turbine blades are
formed into packets by joining them at critical locations with shrouds or lacing. Such a procedure alters the
vibration characteristics of the blade. In this paper, the free vibration characteristics of rotating, shrouded,
pretwisted aerofoil cross-section blade packets are investigated using a finite element model. One end of the
pretwisted blade is assumed to be fixed at the periphery of a disk rotating about its center, whereas the other
end of the blade is connected by a curved shroud. Expressions for kinetic and strain energies of a pretwisted
blade packet subjected to centrifugal force are derived. Shear deformation and rotary inertia effects are neglected
in the analysis. The effects of pretwist, stagger angle, rotational speed, shroud length, shroud thickness, shroud
width, and the distance of shear center from the centroid on the vibration characteristics of blade packets are
investigated. Comparisons made between theoretical and experimental results show very good agreement.

Nomenclature

area of blade cross section

area of shroud cross section (curved beam)
axial thickness of the curved beam

torsional stiffness

torsional constant

center of flexure

center of blade cross section

coordinates of center of flexure with respect to
principal axis

coordinates of center of flexure with respect to
fixed axis system

modulus of elasticity

modulus of elasticity of shroud materials
(curved beam material)

shear modulus of shroud material

gravitational acceleration

polar moment of inertia per unit length about
center of flexure

polar moment of inertia per unit length about
centroid

second moment of area of cross section about
XX

second moment of area of cross section about
XX, \

second moment of area of shroud cross section
about XX

product moment of area of cross section about
xx; and yy,

second moment of area of cross section about
YY
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second moment of area of cross section about
Y

second moment of area of shroud cross section
about YY

rotation of the tangent of curved beam,
(awldy) — VIR

node numbers of a typical beam element
slope of u deflection of a curved beam,
—du/dy

St. Venant torsion constant of shroud
stiffness matrix of stationary beam element
counter

blade length, Lagrangian function

shroud length to blade length ratio, (L,,/L)
total length of curved beam

length of beam element

curved beam element length

mass matrix of beam, number of elements
along the curved beam

mass matrix of beam element

number of elements

frequency \

element coordinate vector

generalized displacements for an in-plane
element

generalized displacements for an out-of-plane
element

distance between centroid and center of
flexure

stiffness matrix of beam element due to
rotation

disk radius

stiffness matrix of beam

stiffness matrix of beam element

kinetic energy

time, radial thickness of a curved beam
displacements of center of flexure in x
direction

strain energy due to centrifugal effects
displacements of centroid in x, direction
strain energy

strain energy of stationary beam
displacement of center of flexure in y direction
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displacement of centroid in y, direction
weight of blade per unit length, displacement
of center of flexure in z direction

weight of shroud resting on each blade
principal axes through centroid of blade cross
section

coordinates axes through center of flexure of
blade cross section

= coordinates axes through centroid of blade
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Cross section

coordinate distance measured along
undeflected blade from root

longitudinal axis

angle between coordinates axes (x;x;,y,y,) and
principal axes (XX,YY), angle of pretwist
subtended angle of each curved beam element
pretwist angle along the beam element
position angle (due to the pretwist)

flexural rigidity ratio of shroud to blade,
(E/EID)

weight ratio of shroud to blade, (p,A,/pA)
coordinate axis through centroid of blade cross
section parallel to plane of disk

torsional displacement

nodal coupled coordinate vector between X
and 6

frequency parameter of the beam AL*p*/El
coordinate axis through centroid of blade cross
section perpendicular to plane of disk

density of shroud

angle between axes £¢,66 and axes x . x,,y,y,
stagger angle of blade

Local and global coordinates of a section of a pretwisted blade
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@b, = pretwist angles of each beam element at their
starting points

angular velocity of rotation of disk

= denotes column matrix

= denotes transpose of a matrix

denotes inverse of matrix

i

~~e—e
N N
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Introduction

TODOLA," in 1927, and Sezawa,? in 1933, studied the

vibration of blade packets, but due to the algebraic com-
plexity of the equations, exact solutions were not sought.
Later, Prohl® used the step-by-step Holzer’s method to obtain
the frequencies of a packet. In his analysis, the blades were
considered fixed at the root and a packet was idealized by
stations of lumped masses, forces, and moments. Although
the shear center and centroid of the blade cross sections were
assumed coincident, the axial and torsional vibrations were
coupled through the shroud. Vibrations in the plane of the
disk remained uncoupled.

Thomas and Belek* studied the free vibration characteris-
tics of straight shrouded blade packets using the finite element
method. Thomas and Sabuncu® studied the dynamic analysis
of rotating asymmetric cross-section blade packets using the
finite element method. One end of the blade was assumed to
be fixed at the periphery of a disk rotating about its center,
whereas the other end of the blade was connected to a curved
shroud. The effect of various parameters such as the shroud
dimensions, stagger angle, rotational speed, disk radius, and
distance of shear center from the centroid on the vibration
characteristics of blade packets were systematically presented.

Thomas and Sabuncu® developed a finite element model
for the dynamic analysis of an asymmetric cross-section blade.
The blade was assumed to be fixed at the periphery of a disk
rotating at constant angular velocity. The effects of rotational
speeds and stagger and pretwist angles on the vibration char-
acteristics were investigated.

Ewin’s work® consisted of a study of a very simplified mass-
spring model made as a preliminary investigation of the gen-
eral vibration characteristics of a packeted assembly. Ewins
and Imregun® investigated the vibrational behavior of turbine
blades when grouped into packets. Two methods of analysis
based on substructuring via receptance coupling were devel-
oped and used with success to predict the natural frequencies
of a 30-bladed disk with various packeting arrangements. A
series of experiments were conducted on a special test piece
to confirm these predictions.

Table 1 Details of pretwisted two-bladed packet used in the
experiment where blades have aerofoil cross section (N, = 2;
N = 6; M = 5; disk radius r, = 8 in.)

Blades
Blade cross section A = 0.00914 in.?
Blade length L = 6in.
Stagger angle ¢ = 0 deg
Pretwist angle a = 45 deg
Young’s modulus E = 31.0 x 10° 1b/in.?
Blade density p = 0.283 Ib/in.?

Ty = 0.000084 in.*

Second moment of inertia

Shear center distance from centroid
Torsional rigidity
Increment of torsional rigidity

Shroud
Shroud thickness
Shroud width
Young’s modulus
Shroud length
Shroud density

Iy, = 0.00671 in.?

dy = 0.0076 in.

dy = 0.047 in.

C = 3240 Ibf in.

C, = 392 Ibf.

t= 1/16in

b = 172 in.

E. = 31.0 x 10° Ibfin.2

L, = 4.39823 in.
p, = 0.283 Ib/in.?
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In the past, investigations have been directed toward ana-
lyzing the vibration characteristics of rectangular cross-section
blade packets. In Ref. 5, the more complex configuration of
an asymmetric aerofoil cross-section blade packet has been
investigated. The effect of rotation has also been considered.
Turbine blades encountered in practice have a pretwisted
asymmetrical aerofoil cross section. Because of the complex
configuration of the blade cross section, the problem becomes
more difficult to analyze, as coupling between bending-bend-
ing-torsional vibrations takes place and also because of the
shroud interaction. When a curved beam is used as a shroud,
out-of-plane bending and torsional displacements are cou-
pled. Hence, none of the modes of the assembly are inde-
pendent.

In order to verify the approach, a finite element model is
applied to various problems. Theoretical results obtained by
the finite element method are compared with experimental
results since there are no results available in the existing lit-
erature. The effect of rotational speed on the vibration char-
acteristics is also considered.

Energy Expression of a Pretwisted Blade Packet

The strain energies of a blade vibrating under nonrotating
and rotating conditions are derived for blades joined together
by a shroud. This packet is rigidly fixed at the periphery of
a disk rotating at constant angular velocity. As mentioned in
Ref. 5, there is an increase in strain energy due to the rotation
in a single blade. This strain energy increase is also increased
by the centrifugal force of the rotating shroud mass.

Strain Energy of a Shrouded-Blade Element in a
Centrifugal Field

The strain energy equation of a rotating, shrouded, pre-
twisted blade element can be written in dimensional form for
the kth element as

2 2
EL, (U eV [#U\  EI_[#V
= —l-—] +EI + == —
-2 (axz) e (2)(55) + 54 2)
L C(o8) | EA EA W\’ .
2\az wz) | ¢
1

W*Ap 3 f U,
+ - [rs+ (k=D + C,y + Z][ . <azl> dz,
1 (oU,\ NETAN
+ L <6_22> de + e+ L (TZ,\) de] de
A
+-w—2—pf([r,+(k-1)l+qm+z K >

NEYAY
L&) oz [ ) K

- wApJ' (U2 sin¢

+

— 2U,V, sing cos¢ + V3 cos’¢) dZ

Cyn f (U,U7T,, sin’¢p — U, VT sing cosd

+
~— Vo UT sing cos¢p + V VI cos?d) dz ¢
where
oR w,
Cth =T Csh’ 5
w 2w
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Table 2 Comparison of experimental and theoretical values of
pretwisted two-aerofoil cross-section bladed packet®

Frequency, Hz

Mode
number Theoretical Experimental % error
1 88.5 92.0 =38
2 389.9 380.0 2.6
3 395.3 405.0 -2.3
4 643.0 056.0 -2.0
5 912.4 868.0 5.0
6 975.8 — —
7 1396.5 1305.0 6.9
8 1506.1 1483.0 1.5
9 1780.6 — —
10 1894.3 — —
11 2114.7 1993.0 6.1
12 2529.6 2505.0 0.9
13 2851.3 2775.0 2.7
14 3049.4 3140.0 -2.8
15 3707.0 3879.0 —-4.4

“Details of the blade packet are given in Table 1.

The pretwist along the blade length can be written in dimen-
sional form as

a «
=tk -1D—-1+—-2 2
y=Gk-D I+ (2
where k is the order number of the element.
By using the relationship between I,,,1,, and Iyl given
in Ref. 6,

= (8§ — H cos2y) I (3)
= (5§ + H cos2y) Iy 4
I, = Hsin2ylyy (5)

where
1/1
S=-"+
2<1XX 1)
11
H=A*-1
2(IXX >
Also, d,.d, are given in Ref. 6 as
d, = dycos(B,.Z + ¢,) — dysin(B.Z+ ¢,) (6)
d, = dysin(B,.Z + ¢)

—dycos(B,Z + ¢) (7)

The displacement functions assumed are third-order poly-
nomials for U, V and linear for 8, W. That is,

U=V = 2 a,zr (8a)

6=w= cz (8b)
Substituting from Eqs. (2-8) into the strain energy V, the
strain yields a discretized strain energy of a blade in the form:

V= E”"‘ 1g}"IS g} 9)

where

{q} = [uuiusuiv,viv,vi8 6w owa]” (10)
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[Sl] = [C*] N T[kr][C*] !

€] 0 0 o

0 [ 0 0
I =10 0 W o
0 0 0 [

[ 1 0 0 0 ]

T 0 0

302 31
aq=1].3 .2 3 _1
(€] E 1 E !
2 121

r F TP PE

k(1,1) = SS Al, k(1.2) = SS A2, k(13) = SS A3
k(1,4) = SS A4, k(1,5) = CS Al, k(1,6) = CS A2
k(1,7) = CS A3, k(1.8) = CS A4
k,(1,9) = TSR15 + RSI15, k,(1,10) = TSR16 + RSI16

k(22) = SS A3 + Alg + A23

i

k(2,3) = SS A4 + 20A2 + A34
k(2,4) = SS AS + 3YA3 + A45, k(2.5) = CS A2
k(2.6) = CS A3, k,(2.7) = CS A4, k,2,8) = CS AS
k,(2,9) = TSR25 + RSI25 + H(AG25 + FI25 + FS25)GC

k,(2,10) = TS R26 + RS I26
+ H(AG26 + TFI26 + TFS26)GC

k(3,3) = SS AS + 4yA3 + 43 A45 + AA
k,(3,4) = SSA6 + 6yA4 + 1.5456 + BB, k,3,5) = CSA3
k.(3.6) = CS A4, k(3,7) = CS A5 + FF
k,(3.8) = CS A6 + GG

k,(3,9) = TS R35 + RS I35
+ H(AG35 + T'FI35 + FS35)GC

k,(3,10) = TS R36 + RS I36
+ H(AG36 + T'FI36 + FS36)GC

k(4.4) = SS AT + 9yAS + 1.8 A67 + DD
k(4,5) = CS A4, k(4.6) = CS AS
k(4,7) = CS A6 + GG, k/(4.8) = CS A7 + HH
k,(4,9) = TS R45 + RS 145
+ H(AG45 + TFI45 + FS45)GC

k,(4,10) = TS R46 + RS 146
+ H(AG46 + TFI46 + FS46)GC

AJAA JOURNAL

k(55) = CC Al, k(5.6) = CC A2, k(5.7) = CC A3

k(5.8) = CC A4, k(5.9) = TC I15 + RS R15
k,(5,10) = TC I16 + RS R16
k(6.6) = CC A3 + $Al + A23
k,(6,7) = CC A4 + 24A2 + A34
k,(6.8) = CC AS + 3yA3 + A45

k,(6.9) = TC 125 + RS + R25
+ H(AZ25 + TTI25 + TS25)GC

k,(6,10) = TC I26 + RS R36
+ H(AZ26 + TTI26 + TS26)GC

k(7,7) = CC A5 + 4yA3 + 4/3 A45 + PP
k(7.8) = CC A6 + 6yA4 + 1.5 A56 + QQ
k(7.9) = TC I35 + RS R35
+ H(AZ35 + TTI35 + TS35)GC

k(7,10) = TC I36 + RS R36
+ H(AZ36 + I'TI36 + TS36)GC

k(8,8) = CG A7 + 9WAS5 + 1.8 A67 + RR

k(8,9) = TC I45 + RS R45
+ H(AZ4S + TTH5 + TS45)GC

k,(8,10) = TC I46 + RS R46
+ H(AZ46 + T'TI46 + TS46)GC

k,(9.9) = TC I55 + TS R55 + 2 RS Y55 + H[(Z55
+ G55) + TISS + FI5S) + TS55 + FSS5|GC

k,(9,10) = TCI56 + TS R56 + 2 RS Y56 + H[A(Z56
+ G56) + (TIS6 + FIS6) + TS56 + FS56]GC

k,(10,10) = TC I66 + TS R66 + 2RS Y66
+ H[A(Z66 + G66) + (TI66 + FI66) + TS66
+ FS66]GC + CT Al

k,(12,12) = CL Al
where

RT + Iy/lyy, CT = (C + CBY(ELy)., CL = All,

A=A + [nAl + 2 A2(k — D)L}
+ A2L? + Ly(tbR* — B,m)/(180 ApAl)p,

[ = [nAl + (k — 1)2 A2J/L? + L3(tbR*B,p,m)/(180 Ap)

W=AH, H=(pAw)(Eglyy). GC=L TC=CCL
TS = SS L3, RS = CS L%, CC = —HO0.5(1 — cos2)

S§§ = ~HO0.5(1 + cos2¢), CS=HO0.5sin2¢, Al =I[L?
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A2 = L3072, A3 + L*P3, A4 = L34, AS = L°P/S

A6 = L3°/6, AT = LI'[7, A23 = H(T'A2 + A3)

A34 = H(I'A3 + Ad), A45 = H(TA4 + AS5)

AS6 = H(TAS + A6),  A67

I

H(TAG + A7)

Kinetic Energy of a Blade Element

The kinetic energy expression of a pretwisted blade element
under combined bending-torsional vibrations is given in di-
mensional form in Ref. 6. Using Egs. (6) and (7) to obtain
the variation of the distance of the flexure center from the
centroid along the length of the blade due to pretwist, and
also for the representation of the displacement Eq. (8). sub-
stituting into the kinetic energy equation and replacing the
coefficients, the kinetic energy of a blade element becomes

pALp*

T = 5

{gt{mHq} (11)
where
[m] = [C*]-T[m][C*] ! (12)

The matrix [C*] ! is given in Eq. (10). The matrix form
and elements of [m] are given as

K1 K2 K3 K4 Viv2
K3 K4 K5 V2 V3

K5 K6 0 Vivd 0
K7 V4 V5
K1 K2 K3 K4 U1 U2

[m] =| symmetric K3KAKSU2U3 0 (13)

K5 K6 U3 U4
K7 U4 US

0 000

c,00

00

K1

Table 3 Details of pretwisted two-bladed packet used in the
experiment, where blades have aerofoil cross section (N, = 2;
N = 6; M = §; disk radius r, = 9.927 in.)

Blades
Blade cross section A = 0.0914 in.?
Blade length L = 6in.
Stagger angle ¢ = 30 deg
Pretwist angle a = 30 deg
Young’s modulus E = 31.0 10° 1b/in.?
Blade density p = 0.270 Ib/in.?
Iyx = 0.000084 in.*
Second moment of inertia I,y = 0.00671 in.*
dy = 0.0076 in.
Shear center distance from centroid dy = 0.047 in.
Torsional rigidity C = 3240 Ibf in.
Increment of torsional rigidity C. = 392 ibf
Shroud
Shroud thickness 1 = 0.0625 in.
Shroud width b = 0.25in.
Young's modulus E, = 31.10° Ib/in.?
Shroud length L, = 4.16967 in.
Shroud density p, = 0.270 in.?
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Fig. 2 Effect of disk rotational speed on the nondimensional fre-

quency parameters of various pretwisted blade packets: L, = 0.2; ¢
=1/32in.; b = lin.; — @ = 45 deg; ——— « = 90 deg.

where

Ki =1L, K2=PRL, K3 =F/3L

I,
4L, K5 = P/SL, C, = <

K4 ZZ

S = sinf,, C = cos, A9 = S COl + C Sl
B9 = CCOl — Sil, C9=S8SC0O2 + CSI2
DY =CCO2 - SS8I2, E9=SCO3 + CSI3
F9=CCO3 - 8813, G99 =SCO4 + CSl4
H9 = CCO4 — SSl4, 19 =8SCOS5 + CSI5
J9 = CCO5 - SSI5, V1 =d,A9 + d,B9
V2 = dyC9 + dyD9, V3 = dyE9 + d,F9
V4 = dyG9 + d HY, V5 = d 9 + d,J9
Ul = dyB9 — d,A9, U2 = dD9 — d,C9
U3 = d 9 ~ dyE9, U4 = dyH9 — d,GY
US = dyJ9 — d,19

Curved Beam Element

In the analysis, the shroud is represented by curved beam
elements. The shroud is assumed to have a rectangular cross
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section; hence, in-plane and out-of-plane vibrations are dealt
with separately and combined to form the shroud element.
Derivation of the expression for the increase of strain energy
due to centrifugal force in the plane of the disk is given in
Ref. 5.

In-Plane Vibration

Deflection functions used in the analysis are given in Ref.
Sas

W = a, cos¢, + a, sing, + a, — agp, = W,a (14a)

V = a;sing, + a,cos8¢, + a; + asd, + ta,p3 = V. a (14b)

where

¢y = yIR

Strain Energy

The strain energy of a curved beam, in a centrifugal field,
acting as a shroud attached at the tips of the rotating blades,
is given in Ref. 5 as

sl j’ v -wiR | TEL, 0
"Nl vir+w, || 0 Ea,
Vi — WiR
X [V*/R + %;]}dy
Ish
—%pxwzf f {[AZW+R+Z
0 Ja R

Using the deflection functions given in Eqgs. (14) and substi-
tuting in Eq. (15) yields

V = g, VG ] TRNC) Hau} (16)

V:| + 2W2} dA dy

(15)

where

. . . w v
{g4" = [Viw[livi+lwi+lli+l]7 L= ; - E (a7

B, B, -RB, -B. -B, —RB, |
-B, B, -RB, -B, -B, -RB,

c)i-| B -B RB. B B RB
1 B, -B, RB, B, B, RB
B, -B, RB, B, B, RB,

-B, B, —-RB, -B, —-B, —RB,

(18)

D = 2cosB — 2 + Bsing, B, = (cosB — 1)/D

B, = sinB/D, B, = (1 — BsinB — cosB)/D
B, = (sinB — B cosB)/D, Bs = (B — sinB)/D
B, = B\p/2, B, = B,B/2, B, =B, + 1/8
B, = B, — 1B

(k] = [k] + [ky] (19)
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where
000 0 0 0
00 0 0 0
k —3 ESIxx‘ O 0 0 0
(k] = R | symmetric OB Qg 0
Bl + Q) B2
B3
Q = 12 RYP
and
X,
kg = X W] + S [V.W] + X[V
b
X = —p® <E + 2 bt)
bt
— 2 ———
X= —opop
br?
X = —wp,
Qs ¢S 0 Cc o0 -l
c2s 008 0 -S1
0 0 0 0
W= symmetric B 0 —p72
0 0
B3
-2C8 @28 ¢ -S «I (%2 + 51)
S2
2.8 €SI \5 -
vwj =
0 B 0 —p2
symmetric 0 p2 Bl
0 - B3
L -BY4 -
§28 ~-C¢§ -§S 0 -SI - %
2 co %
V =
2 0 pRr Bl
symmetric 0 0 0
B3 B8
i 520 |

C28 = 0.5(8 + 0.5 sin2pB), CS = 0.25(cos2B — 1)

C=sinB, CI=cosf— 1+ pBsing
C2 = 2B cosp + (B — 2) sin
$28 = 0.5(8 — 0.5 sin2p), = —(cosf — 1)
SI = sinB — B cosp

S$2 = 2B sinB + 2(cosB + 1) — B> cosB
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Kinetic Energy

The kinetic energy expression of a curved beam under com-
bined bending-bending displacements is given in Ref. 5 as
follows:

T = gdTiCh oA, | {[H [H} BG4

(20)

Equation (20) can be written as follows:
T = {g}"1C1~Tm,[C)" g4 21
where the transformation matrix [C;]~* and {g,}” have been

given in Egs. (18) and (17), respectively. The mass matrix
[m,] is

[ml] = p.sA.sR

B 0OcosB—1 sinB BcosB — sinf3 C,

B sinB 1 —cosB cosB + sinB — 1 C,

B 0 B2 36

symmetric B 0 - B2
B3 B8

3120 + B33
(22)
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where
C, = (B> — 4)cosp/2 — 2Bsinf + 2
C, = (B> — 4)sinB/2 + 28 cosPB

Out-of-Plane Vibration
Deflection functions used in the analysis are given in Ref.

5 as

U= aRcos¢ + a,Rsing + a;R — a,Rp — a,Rp = U,a

0 = a, cosp + a,sing — a; ~ ap = 8,a

where

¢ = y/IR

Strain Energy

The strain energy of a curved beam undergoing coupled
bending and torsional vibration, neglecting the shear detfor-
mation, is given in Ref. 5 as

1 wlo R+ U, |
-2 7 -7 % N
1% 3 {61(,} [C.] {J; |:gik _ UL/R]

El, 0 ||6/R + U, ]
[ 0 GJ }[9; - UI/R'] dy}[Cu] Yq.} (23)

sYxxy
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Equation (23) can be rewritten as

Vo= {q.Y'1C) Tk JCS Haoh (24
where
J
@ = 0UI8.Uidi) T = =50 (29)
The stiffness matrix [k,] is given by
0 0 0 0 0 0
0 06 0 0 0
El,, 0 0 0 0
(ko] = R | symmetric C,0 0 0 (26)
B B2
B3
where
G.\]\'\'S
© =l

and the transformation matrix [C,]"! is given by

[CU] !

0 -BR B, 0 B//R B,
0 —-BJR -B, 0 BJR —B,
B 0 BJ/R -B, 0 —BJ/R -B;
“l-ug urp 0 1B —URB 0
-1 -BJ/R B, 0 B//R B,
/8 2BJ/RB -B, —-1B -2BJRB -B,

(27)
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Fig. 5 In-plane and out-of-plane inference diagram of a pretwisted
packet: t = 1/32 in.; b = 1.0 in.; @ = 15 deg.
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where
B, = (cosB — 1)/D, B, = (B cosB — sinB)/D
B, = (sinB — B)/D, B, = (1 — cosB — BsinB)yD

Bs = sinB/D, D =2 —2cosB — Bsing

Kinetic Energy

The kinetic energy of a curved beam undergoing combined
bending and torsional displacement neglecting the rotary in-
ertia effect is given in Ref. 5 as

1 - 2" 0. '
T = _Z_{qn} [C"] {f(l IierR:I

NS 7 ST

Equation (28) can be rewritten as

T = pg.i"C ) m JIC] Yy (29)

where the corresponding degrees of freedom {g,} and the
transformation matrix [C,] ! have been given in Egs. (25)
and (27), respectively, and the mass matrix [m,] is

[m()] = pYAsR3
CM, CM, sinB M, —C,sinf C,M,

C4M4 Ms M _C3M5 C4M<>
B —p2 0 -B2
. 5 3 (30)

symmetric B3 0 B33
CB C,B72
C,B73

where

M, = B/2 + sin2pB/4, M;=1— cosf

M, = sin2p/2, M, = Bcosp — sinf

M,=1—cosB — Bsin C,= Ip
: Bsinp. AR
M, = B2 — sin2B/4, C,=1+C;

Assembly Procedure and Theoretical Considerations

The finite element model of the curved packet of pretwisted
blades having aerofoil cross sections is formulated as follows.
The shroud model is represented by a curved beam element,
which is the same as what was used in Ref. 5. The blades are
modeled by pretwisted beam elements with 12 DOF, which
represent the coupled bending-bending-torsional vibrations.

The assembly procedure of the packet is the same as was
used in Ref. 5; the difference being that the blade transfor-
mation matrix has 12 DOF since the blade elements are rep-
resented with 12 DOF beam elements.

The analysis is based on substructuring. That is to say, each
component is considered individually and is then joined with
the others by matching displacements and slopes in these
coordinates where physical connections exist. Basic compo-
nents and coordinates used are shown in Fig. 1.
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Applications and Discussions

For a better and ideal representation of turbomachinery
blade packets, the shroud is represented by curved beam ele-
ments, whereas the blades are represented by pretwisted aero-
foil cross-section beam elements. To show the accuracy and
improvement of this representation, several blade packets are
tested experimentally.

In Table 2, experimental and theoretical results of a pre-
twisted blade packet are shown. There are some discrepancies
between calculated and measured frequencies of about 3.5%
and in one mode 6.9%. Some error was probably caused by
uncertainty of Young’s modulus, the density, and residual
stresses in the test piece. The residual stresses were caused
by pretwisting the blades in a small, manually operated torsion
machine.

In Table 4, experimental and theoretical results of an aero-
foil cross section 30-deg staggered and 30-deg pretwisted two-
bladed packet under nonrotating conditions are shown. The
comparisons of experimental and theoretical frequencies of
the same packet under various rotational speeds are shown
in Table 5.

Discrepancies can be seen between experimental and cal-
culated values. The same reason that was explained earlier
can be given for the causes of these discrepancies. It was
concluded that present results are sufficiently accurate for
engineering calculations, especially when the complex blade
configurations are considered.

In Fig. 2, the increase of frequency parameter with disk
rotational speed is shown. As mentioned in Ref. 6, there was
a slight increase in the fundamental frequency ratio of a single
blade with an increase in pretwist angles. This was due to the
coupling between bending in the yy and xx directions since
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Table 4 Comparison of experimental and theoretical values of
pretwisted two-aerofoil cross-section bladed packet®

Frequency, Hz

Mode
number Theoretical Experimental % error
1 95.5 97.0 -1.5
2 470.0 476.0 -1.2
3 490.4 501.0 -2.1
4 652.9 585.0 +11.4
5 822.4 829.0 -0.7
6 946.8 910.0 +4.0
7 1249.8 — —
8 1622.2 1606.0 +1.0
9 1633.9 1671.0 —~2.2
10 1912.8 — —
it 2116.6 — —
12 2490.5 2616.0 —-4.7
13 3013.1 2927.0 +2.9
14 3354.9 3298.0 +1.7
15 3806.6 3867.0 ~1.5

*Details of the blade packet arc given in Table 3.

torsional movement was negligible. In the blade packet case,
although all the motions are coupled through shroud inter-
connections, the fundamental mode is dominated by the blade
vibration. Consequently, as in the single blade vibration case,
when the rotational speed increases, the fundamental fre-
quency also increases. It can be concluded that fundamental
frequency increases with the increase of rotational speed and
pretwist angle. The second mode corresponds to the batch
mode, which is dominated by the shroud out-of-plane vibra-
tion. It can be seen that there is a decrease in the frequency
parameter as the pretwist angle increases. This is due to the
flexibility increase in the out-of-plane direction with the in-
crease of pretwist, which causes a drop in the second fre-
quency parameter. Third frequencies are torsional and out-
of-plane coupled mode frequencies. This coupling increases
with the increase in pretwist; consequently, the nondimen-
sional frequency parameter also increases. As seen from Fig.
2, the third mode frequency of 90-deg pretwisted blade pack-
ets is higher than the third mode frequency of 45-deg pre-
twisted blade packets. For the fourth mode, the vibration is
a coupled one between torsional and out-of-plane vibrations.
The 45-deg pretwisted bladed packet mode is dominated by
the torsional mode, whereas the 90-deg pretwisted bladed
mode is dominated by the out-of-plane vibration. In the case
of the fifth mode, the pretwist effect is still seen on the fre-
quencies. The 90-deg pretwisted bladed packet mode is dom-
inated by the out-of-plane coupled vibrations of the shroud
and blade, whereas the 45-deg pretwisted blade packet mode
is dominated by the in-plane coupled vibration of the shroud
and blade.

A similar phenomenon, with different L, ratio, can be seen
in Fig. 3. When comparison is made between the two figures,
it can be seen that in the stationary blade packet case an
increase in L, ratio or mass ratio decreases the fundamental
frequency. In the rotational case, the percentage increase of
the frequency increases with L, ratio when the disk rotational
speed increases. This is due to the increase of the centrifugal
force effect of the shroud mass on the system. The conclusion
can be drawn that all of the frequencies are increasing with
the increase in rotational speed. The fundamental frequency
increases when the pretwist, shroud length and rotational speed
increases.

Figure 4 shows the effect of pretwist on the frequencies of
the packet with different stagger angles. In the case of the
first mode, the frequency parameter increases with the in-
crease of pretwist angle but decreases with the stagger angle.
The 90-deg staggered bladed packet is more flexible out of
plane; consequently, the fundamental frequency decreases
with an increase in stagger angle. However, an increase of
pretwist makes the system stiffer; consequently, the funda-
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Table 5 Comparison of experimental and theoretical values of a pretwisted packet with different rotational speeds

Mode 500 rpm 1000 rpm 1500 rpm 2000 rpm
number Theoretical Experimental Theoretical Experimental Theoretical Experimental Theoretical Experimental
1 97.2 97 102.1 100 109.7 106 119.6 114
2 471.4 475.3 481.5 489.6
3 491.7 506 495.6 507 502.0 509 510.5 512
4 653.6 586 655.4 587 658.2 589 661.5 591
S 823.8 827.5 832.3 836.9
6 947.4 899 949.3 900 952.3 902 956.6 905
7 1250.2 1251.0 1252.2 1252.9
8 1624.2 1603 1629.7 1608 1637.7 1615 1646.7 1628
9 1635.7 1641.0 1649.4 1660.5
10 1913.0 1912.6 1909.6 1899.9
11 2125.1 2147.8 2178.5 2209.5
12 2490.9 2491.0 2487.2 2473.3
13 3015.8 2902 3023.1 2912 3033.6 2925 3044.8 2938
14 3358.2 3270 3367.2 3272 3380.0 3276 3392.9 3292
mental frequency increases. For the second mode, there is a Conclusions

small increase in the frequency parameter with pretwist an-
gles. For the 90-deg stagger angle, this mode is dominated by
coupled out-of-plane shroud-blade vibrations, whereas for the
0-deg stagger angle, at the lower pretwist angle, this mode is
dominated by coupled in-plane shroud-blade vibrations. On
the contrary, at the higher pretwist angle, the mode becomes
a coupled out-of-plane shroud and blade vibration. As seen
from Fig. 4, this mode is more affected by the stagger angle
than by pretwist. For the third mode, there is always a de-
crease with an increase of pretwist angle for the two cases.
When the single blade vibration was analyzed in Ref. 6, it
was noticed that the frequency of the second mode was de-
creasing with an increase of pretwist. It may be said that a
similar phenomenon is happening here although there is cou-
pling through shroud interaction. The fourth mode is also a
coupled one and slightly dominated by the shroud vibration.
These variations of frequency parameters are related to the
flexibility of the system in the relevant direction, depending
on the stagger angle and pretwist.

When the blades are pretwisted and have asymmetrical
aerofoil cross sections, out-of-plane, in-plane, and torsional
vibrations of the packet are coupled due to the blade config-
uration and noncoincidence of shear center and centroid of
the cross section, as well as through the shroud interaction.
As a result, they may not be easily synthesized by independent
modes, and so it becomes more complex to predict these
frequencies for a multibladed packed from a two-bladed packet
inference diagram.

Figure 5 shows the inference diagram of a 15-deg pretwisted
two-bladed packet. The independent frequencies of vibration
of a pretwisted blade and shroud in-plane frequencies are
shown in solid lines, whereas the packet frequencies are shown
in broken lines. It can be seen that the packet frequency curves
tend to asymptote to the blade frequencies, whereas shroud
frequencies are, in turn, changing at every junction between
the blade and shroud independent frequencies. This curve is
useful in synthesizing the vibration characteristics and mode
shapes of blade packets from the frequency characteristics of
individual components.

Figure 6 illustrates the effect of the location of the shear
center relative to the centroid. It can be seen that this effect
becomes pronounced in the higher frequencies but does not
markedly effect the lower frequencies.

The finite element model developed in this paper is found
to be ideal for the vibration analysis of a pretwisted asym-
metric cross-section blade packet under rotating and nonro-
tating conditions. It can be concluded that the fundamental
frequency increases with an increase in rotational speed and
pretwist. Higher modes are coupled through shroud inter-
connections between torsional and out-of-plane vibrations. In
the stationary blade packet case, an increase in mass ratio
decreases the fundamental frequency, whereas in the rota-
tional case, it increases it. Staggered bladed packets are more
flexible in the out-of-plane direction; consequently, the fun-
damental frequency decreases with an increase in stagger an-
gle. For larger angles of pretwist, the inference diagrams may
not be used in synthesizing the vibration characteristics from
the frequency characteristics of individual components. The
effect of the shear center distance from the centroid of a
pretwisted blade packet becomes pronounced for the higher
frequencies.
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